[1] Flow of uniform mean velocity U takes place in a heterogeneous medium made up from a matrix of conductivity K 0 and inclusions of a different conductivity K. The inclusions of given shape are implanted at random and independently in the medium, without overlapping. The aim of the study is to derive simple, approximate solutions of advective transport of solutes in such heterogeneous formations for arbitrary permeability ratio k = K/K 0 and inclusions volume fraction n. Transport is characterized by the spatial moments, which in turn are equal to the one particle trajectory statistical moments for ergodic plumes. The flow and transport problems are solved for isotropic media, for circular (2D) and spherical (3D) inclusions by using the model of composite inclusions of Hashin and Shtrikman [1962]. The results tend to the dilute limit analyzed in the past by Eames and Bush [1999] for n = o(1). Asymptotic, analytical results are derived for weak heterogeneity (k ' 1); they coincide with those of Rubin [1995] for a similar structure. Similarly, simple asymptotic expressions of the macrodispersivity are derived for lowpermeability inclusions, k = o(1). The theoretical developments are applied to effectively computing trajectories moments in part 2 [Fiori and Dagan, 2003 ]. 
Introduction
[2] Spreading of solutes (macrodispersion) in transport through porous formations of spatially variable hydraulic conductivity K is dominated by the advective effect related to velocity variations. Considerable research has been carried out in the last two decades in order to investigate the relationship between heterogeneity and transport. Due to the seemingly erratic spatial variation of K and scarcity of data, it is customary to model it as a space random function and similarly for flow and transport variables.
[3] Most of the efforts in the past were devoted to the study of formations of continuous K variations or to fractured media. A different type of formation which is encountered in nature [see, e.g., can be characterized as bimodal: the histogram of the hydraulic conductivity separates into two unimodal distinct distributions. If these distributions are widely separated, they can be approximately represented by a binary one as far as flow and transport in such formations are concerned [see, e.g., Ritzi, 2000, Figure 1 ]. We adopt this representation here and regard the medium as made up from lenses or inclusions of permeability K that are surrounded by a matrix of permeability K 0 . Thus low k = K/K 0 values are typically associated with lenses of silt and clay in a sandy aquifer whereas high k inclusions may represent disconnected cracks. Numerical simulations of flow and transport in such systems were undertaken by Desbarats [1990] who generated the K values on a grid by assuming an exponential correlation function. More recently, Jankovic and Barnes [1999] and Barnes and Jankovic [1999] modeled the structure as an ensemble of inclusions of regular shape, placed in a random fashion in the medium. These simulations demonstrated the important role played by conductivity contrast on flow and transport.
[4] An analytical approach of a general nature was developed by Rubin [1995] , who considered a medium characterized by random indicators of given correlation function. To achieve simple results, a first-order approximation in Y = ln K was adopted, appropriate to weak heterogeneity. The author has characterized transport by the second spatial moment of plumes. Under the first-order approximation these moments are depending on the log conductivity two-point covariance C Y solely. This allowed for modeling of quite general configurations. If the conductivity contrast is large and/or higher order spatial moments are sought, the structure has to be characterized beyond C Y , and this is precisely one of the aims of the present study.
[5] An important advance of the field was made by Eames and Bush [1999] , who solved for a medium made up from inclusions of simple shapes (circles, spheres), placed at random in the matrix. This led to simple analytical solutions of the velocity field and subsequent derivation of the longitudinal asymptotic macrodispersivity a L in terms of particle trajectories, by two quadratures. This way, they were able to determine the dependence of a L upon k for arbitrary values 0 < k < 1. The procedure was extended by Dagan and Lessoff [2001] and Lesoff and to elliptical inclusions of arbitrary orientation, to model anisotropic media and particularly cracks at the soil surface. These three studies were limited by a few assumptions: (1) the systems were ''dilute'' (this is a term borrowed from theory of suspensions that we shall maintain here as well), i.e., the volume fraction of inclusions n ! 0; (2) only the asymptotic, large travel time values of a L were determined and (3) only the second moments of trajectories and the associated macrodispersivity were investigated. This is consistent with the Gaussian distribution and the Fickian regime attained at large travel time.
[6] It is emphasized that the use of inclusions of simple shapes still permits one, by varying their volume fraction and dimensions, to reproduce any given two-point correlation of K. Though this is not an exhaustive characterization of the medium, it does not constitute a severe limitation since it is seldom that field data provide information beyond the univariate distribution and the second statistical moments of K.
[7] In the present study we relax the aforementioned limitations and generalize the random inclusions model as follows: (1) we derive the dependence upon travel time of trajectory moments and of macrodispersivity. This is important in order to assess the distance needed for the plume to achieve the Fickian regime, which may be quite large for high permeability contrast. For smaller travel time the transport may be regarded as ''anomalous''; (2) higher trajectory moments (skewness, kurtosis) are determined. Again, at finite travel distance and for high K contrasts the plume is not Gaussian and has to be characterized by higher-order moments; (3) we derive these results by adopting an approximate model of dense inclusions, which renders the dilute limit results at first-order in n.
[8] In common with previous studies we neglect the effect of pore-scale or molecular diffusion, i.e., we assume that the Peclet number defined by UA/D m (where U is the mean velocity, A is an inclusions length-scale and D m is the effective coefficient of molecular diffusion), is sufficiently high. This assumption may be violated for inclusions of very low K, that trap water and solute particles (the local Pe number there may be very low). This topic has been examined recently in a numerical context for an isolated elliptical inclusion by Guswa and Freyberg [2000] . Based on their results, we limit here the permeability ratio from below by a cutoff k = 0.01. This may be regarded as an extreme value for which molecular diffusion may be neglected for sufficiently high Pe.
[9] In the first part of the present study we develop a general Lagrangean methodology for transient transport by using a composite inclusions model. The application of these general procedures to deriving velocity and trajectories statistical moments is carried out in part 2 [Fiori and Dagan, 2003] .
General Model of Advective Transport in Binary Systems

Characterization of the Structure
[10] The flow and transport domain is defined ( Figure 1 ) by a channel of height W in the vertical x 2 direction, of width B in the x 3 direction and of length L in the mean flow direction x 1 , respectively. A large number N of disjoint inclusions of given shape and of conductivity K are planted at random in the matrix of conductivity K 0 . A major simplification, allowing for efficient numerical solutions and approximate semi-analytical ones, is to represent the inclusions by regular, well defined, shapes. The most general case is of ellipsoids in 3D and ellipses in 2D. By an appropriate selection of inclusions density, dimensions and orientation we can represent structures of given univariate permeability pdf as well as two-point anisotropic covariance. As a first step, we limit the present study to isotropic media for which the inclusions are circles (2D) or spheres (3D) of radii A. For simplicity we consider here uniform A; the extension to a distribution of sizes is straightforward.
[11] An inclusion has a volume (area) w such that the volume fraction is defined by n = Nw/. We shall let W ! 1, B ! 1, L ! 1, N ! 1 while keeping n constant. The system is completely defined by the coordinates of the inclusions centroids " x j ( j = 1, 2, . . ., N).
[12] We regard " x j as random variables characterized completely by the joint pdf f (" x 1 , " x 2 , . . ., " x N ). We assume that inclusions are planted in the medium independently and with equal probability in the matrix volume. Thus the univariate distribution is given by f (" x) = 1/(we disregard the negligible boundary effect).
[13] The conductivity field is defined by
where I(x À " x j ) is an indicator function equal to unity for x 2w (" x j ), the domain of the inclusion surrounding " x j , and equal to zero otherwise. It is seen that
For simplicity we use the notation K(x) for the spatially variable conductivity field, whereas K = const is that of inclusions. From these relationships we obtain by ensemble averaging
Figure 1. Definition sketch of a bimodal medium.
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[14] These are exact results, valid for any medium of binary distribution of conductivity or log conductivity Y = ln K pdf
[15] The dilute systems considered in the past are characterized by n ( 1, i.e., hKi ' K 0 + Kn and
[16] In order to characterize the statistical structure of the conductivity field in a general manner by its spatial moments, we have to use the indicator definition (1) and to ensemble average over " x j .
[17] Thus the two-point covariance is given by
It is easy to determine its expression for dilute systems. Indeed, the main contribution stems from the diagonal terms of the sum, i.e., for j = k. In this case I(x À " x) I(y À " x) = 1, if the two points lie within w(" x), otherwise the product being equal to zero. Then, by the Cauchy algorithm hI(x À " x) I(y À " x)i = c(x À y) w/. The product cw is the joint volume (area) of two overlapping inclusions whose centroids are at distance x À y. The expressions of c are given by Dagan [1989; sect. 1.9 ] for circle and sphere. As for the contribution to C K from offdiagonal terms ( j 6 ¼ k) in the double summation, it can be shown that they are of order lower than n. Hence, at the dilute limit the covariance becomes
and similarly for C Y .
[18] The autocorrelation is in turn given by r K = C K /s K 2 = c(x À y) These results lead to simple expressions for the conductivity integral scale I K = R r K (r) dr of dilute circular or spherical inclusions media, I K = 8A/3p and I K = 3A/4, respectively, and the same for I Y .
[19] In principle, this process could be continued in order to determine multipoint covariances, but the computations become tedious. It is, however, important to realize that the indicator structure (1) defines completely the spatial moments of the conductivity. This is different from the first-order approach of Rubin [1995] that needed knowing only the two-point covariance.
[20] It is emphasized that at the dilute limit, i.e., at order O(n), we could obtain the result (4) from the outset by retaining only the diagonal terms of the interactions, i.e., by taking f ("
. This independence relationship, valid for any variable O(w) attached to the random centroid position, formed the basis of the solution of flow and transport problems by Eames and Bush [1999] .
Solution of the Flow Problem
[21] We denote by f(x) = ÀKH/q the velocity potential, where H(x) is the pressure head and q is the effective porosity, assumed to be constant. The simple extension for different q values of the matrix and the inclusions has been considered by Dagan and Lessoff [2001] . The potential satisfies the following equations in (Figure 1 )
[22] In addition, the velocity and pressure continuity at the interfaces between inclusions and the matrix @w(" x j ), are as follows
where f (in) is the potential inside inclusions, f (ex) is the exterior one and @/@n is a normal derivative. We seek the solution of the flow problem (5, 6) for L ! 1, B ! 1, W ! 1 and n fixed.
[23] At the dilute limit n = o(1) a simple solution is obtained [Eames and Bush, 1999] by solving separately for each inclusion as if it were submerged in an unbounded matrix and summing up the disturbance potentials. Furthermore, the velocity covariances were derived by assuming that inclusions do not interact.
[24] However, the dilute approximation may not be met in some applications. Furthermore, we do not know how small has n to be in order to render the dilute limit an accurate one and nonlinear effects may be significant.
[25] The problem of nonlinear interactions is central to the theory of many binary systems like suspensions or composite materials. In the literature on suspensions, for instance (for a review, see Brady and Bossis [1988] ), a common approach to tackle nonlinear effects is to start with the dilute limit and to seek corrections of order n 2 or higher to the result. This implies considering the interaction between two particles or more. Generally, the computations become complex and the improvement may be quite modest and applicable to low values of n. A comprehensive review of existing methods is given in the frame of composite materials by Milton [2002] .
[26] An alternative approach is the numerical one. This has been carried out recently in an efficient manner for the problem of heterogeneous formations by Fitts [1991] , Jankovic and , and Barnes and Jankovic [1999] , who followed the general approach advanced by Strack [1989] . They modeled the medium as unbounded and of given constant velocity at infinity, with a large number of disjoint inclusions placed at random in a finite subdomain. The shape of the inclusions were spheroidal, circular or spherical, respectively. The interior potential of each inclusion was developed in a series of harmonic regular functions while the exterior one in similar singular functions, appropriate to the considered shape. The constant coefficients of the series were left as unknowns. They were chosen such as to satisfy exactly the continuity condition (6), whereas the pressure head matching condition (6) was satisfied only in an approximate manner by collocation at a large number of points on the interface of each inclusion or by a least squares minimization. While this was much more promising than a direct numerical approach, we still regard these recent results as numerical experiments. They will be carried out in the near future to validate the results of the present study.
[27] Here, we are interested in simple solutions that can provide insight and allow for drawing general conclusions. Furthermore, lenses occurring in natural formations of a bimodal structure cannot be mapped exactly. Though one can match a few statistical parameters characterizing the structure, there are still some inherent, though possibly small, errors in modeling flow and transport in natural formations by numerical models. This limitation makes the availability of simple models even more desirable.
[28] Toward this aim, we are going to adopt the model of composite inclusions, that was developed by Hashin and Shtrikman [1962] in the context of effective properties. Its numerous ramifications are reviewed in detail by Milton [2002] ; it has also been used by Dagan [1989, sect. 2.7.3 and 3.4.4] . For the sake of completeness we reproduce here briefly the development of the model.
[29] To illustrate the concept we consider a circle (or a sphere) for which the composite inclusion is made up from an interior circle of radius A and conductivity K, a circular shell of radius A r A e and conductivity K 0 and a surrounding matrix r > A e and conductivity K ef (Figure 2a) . The boundary condition is of uniform flow of velocity U in the matrix. The parameters A, A e , K and K 0 are given. The basic idea is to seek an exact solution of the flow problem with the potential f satisfying Laplace equation and the matching conditions (6) at the two interfaces r = A and r = A e , as well as the value of K ef , so that the composite inclusion does not perturb the uniform flow in the matrix. It turns out that this is possible and K ef /K 0 is a function of k = K/K 0 and n = A 2 /A e 2 (2D) or n = A 3 /A e 3 solely. It follows that the medium can be filled with such noninteracting inclusions of different A e (Figure 2b ) and an exact solution of the flow problem is achieved for a dense collection of inclusions. Consequently K ef is the effective conductivity of such a medium and indeed most of the studies in the literature were devoted to it.
[30] Exact solutions were found in the past for elliptical (in 2D) and ellipsoidal (in 3D) composites (a review and the expressions are given by Milton [2002] ).
[31] The main limitation of the model, besides the particular shapes for which it works, is that it precludes closeness between the internal cores (the coating of conductivity K 0 is always present), whereas in a completely random placement such events can occur. Still, it was found that it leads to excellent results for effective properties of a wide class of binary media [Milton, 2002] . Furthermore, we view the model as particularly suited for porous formations for which lenses of conductivity K are submerged in a matrix of conductivity K 0 , with a finite but moderate value of the volume fraction n < 1.
[32] We adopt this model here in order to investigate flow and for the first time transport in formations of finite volume fraction n. Unlike most of the previous studies, the determination of K ef is not of interest since it does not influence the velocity field. Although a completely dense system (Figure 2b ) in which the inclusions occupy the entire space is topologically possible only if the inclusions are of different radii A e , we shall explore here the solution for identical elements as a prototype. As a matter of fact, if composites of uniform radii A e are surrounded by swarms of much smaller radii that fill the space, the latter have a small effect on transport (this can be easily seen from the following developments).
[33] Again, we assume that the centroids of the inclusions are independent random variables, which is more plausible for composites of different radii and is an additional approximation for uniform inclusions. As we mentioned already, the extension of the results for a distribution of A, that introduces additional flexibility in the model, is quite simple.
[34] It is also straightforward to generalize this model to a genuine bimodal conductivity structure by replacing K and K 0 by two distributions around them. However, for the sake of simplicity and in order to grasp the main transport features for high contrasts, we investigate here the binary distribution.
Approximate Solution of Flow and Transport in the Composite Inclusions Media
General Relationships
[35] The statistical framework is very similar to that of the preceding Section, except that the velocity attached to a composite inclusion is defined inside it solely. We define by w and w(" x j ) the volume (area) and the domain of a composite of centroid " x j ( j = 1, . . . N). We denote by w (in) and w (ex) = w À w (in) the volume of the core (conductivity K) and the exterior shell (conductivity K 0 ), respectively. The volume fraction is given by n = w (in) /w, while w (ex) /w = 1 À n.
[36] Since the composites are assumed to fill the space (Figure 2b ), unlike the dilute system (Figure 1) , we have Nw/ = 1. Furthermore, one can take from the outset ! 1 and N ! 1, since boundaries do not influence the flow inside the composite inclusions.
[37] With I(x À " x j ) the indicator function attached to w(" x j ), we assume again that inclusions are planted at random and independently in . Hence with f (" x) = 1/, we get hI(x À " x j )i = w/. The conductivity field is given by K(x) = AE j K(x À " x j )I(x À " x j ) where K(x À " x) is equal to K or K 0 . Hence we get again the exact relationships [38] The derivation of the two point covariance C K can be carried out in a manner similar to that pertaining to dilute systems, discussed in the previous section. Once we assume independence, it involves using the Cauchy algorithm and integration of the conductivity residual over the overlap domain of two inclusions. The computation is tedious and it leads, for instance, to the following expression of the integral scale for circular inclusions
[39] The potential f(x À " x) within w(x À " x) has the expressions f (in) and f (ex) within the core w (in) and the outer shell w (ex) , respectively, while f U Á x + const in the matrix of K ef and of vanishing volume. It satisfies Laplace equation and the following boundary conditions for each inclusion
[40] The conditions at the interface with the matrix @w(" x) matches the flow inside the inclusion with the uniform one in the matrix of conductivity K ef .
[41] The velocity field is given by
[42] By a reasoning similar to the one of the preceding Section we have hui = (N/) R w(0) udx We shall show in the next Section that the last integral is zero, i.e., hVi = U. It follows that the velocity variance is given by
and this relationship will be used in part 2 [Fiori and Dagan, 2003 ] in order to compute the variance.
Flow Solution for Circular and Spherical Inclusions (Isotropic Media)
[43] An isotropic medium is modeled by composite circular and spherical inclusions in 2D and 3D, respectively. The solutions for the potential f, satisfying Laplace equation and boundary conditions (9), can be found in the literature. They are reproduced here for the sake of completeness and comparison with the dilute limits.
[44] Thus with f = Ux 1 in the matrix and for an inclusion centered at the origin we have
It is easy to ascertain that the harmonic functions (12) satisfy the boundary conditions (9).
[46] It is seen that the interior flow is uniform, of velocity
The exterior flow stems from the potential of a doublet supplemented by a uniform flow. It is easy to ascertain that the spatial average of the disturbance velocity u = rj = rf ÀU is equal to zero.
[47] The dilute limit is obtained by an expansion in n = o(1) and retaining the zero order term, i.e., j
x 1 /2r 3 (3D) for r > A and j (in) = ÀUbx 1 for r < A. It is easy to ascertain that in this case the average of u 1 over the entire space is equal to ÀUbw (w = pA 2 in 2D and w = 4pA 3 /3 in 3D). This nonuniform limit, discussed by Eames and Bush [1999] , is related to the next term in the expansion of (12) i.e., j = Ubnx 1 (0 < r < A e ). The ''reflux'' uniform flow velocity (in the terminology of Eames and Bush [1999] ) associated with this term Ubn tends to zero as n ! 0. However, its integral over the inclusion area (volume) is O(1) and exactly cancels out the space average of u 1 stemming from the dilute limit, as A e ! 1. Thus the correct result is hVi = U, hui = 0. However, the reflux correction does not contribute at the dilute limit to higher-order moments of the velocity or trajectories.
[48] Another interesting point is the convergence of the expansion of f in powers of n, in which the dilute limit is the leading term. It is seen that the rate of convergence depends on the product bn i.e., on the conductivity ratio k and not only on n. Detailed results comparing the solution based on (12) and that obtained at the dilute limit are given in part 2 [Fiori and Dagan, 2003] .
Solution of the Advective Transport by the Lagrangean Approach
[49] A plume of a tracer of concentration C 0 is injected at t = 0 in a volume V 0 or along a planar surface A 0 within . The spatial moments of the plume are simply related to those of the fluid particles that move along trajectories associated with the velocity field. For ergodic plumes, that are considered here, the rate of change with time of the plume spatial moments are equal to those of the statistical moments of the trajectories of one particle [see, e.g., Dagan, 1989] . We therefore concentrate here on the latter only. With x = X(t; b) the trajectory of a particle originating at x = b at t = 0 (Figure 3a) and by the definition dX/dt = V[X(t)] we get from (10)
The second relationship in (13) follows from hu[X(t 0 ; b) À " x]i = 0 which can be easily proved by space integration and with the aid of the Lagrangean continuity equation dX = db. By our main assumption of independence of inclusions centroids, we keep only the diagonal terms in X ij (13). In words, the velocities at two points belonging to different inclusions are uncorrelated. Let
0 be the residual of the trajectory of a particle originating at b in the presence of a single inclusion centered at " x ( Figure 3) . Since in the matrix V = U, this residual results from the integration of the velocity fluctuation u in the interior of the composite inclusion solely (Figure 3a) . Its value is obtained numerically, by a quadrature, in part 2 [Fiori and Dagan, 2003] . It follows from (13) and the independence of centroids
[50] The latter relationship, relating X ij to the trajectory of a fluid particle in the presence of an inclusion centered at the origin, will serve for the numerical computation of the trajectory covariance in part 2 [Fiori and Dagan, 2003] . To illustrate the results here, we display in Figure 4 a few snapshots of the displacement of a thin plume past a circular inclusion for two different values of k. This is shown for both finite n and at the dilute limit n = 0. In the latter case the results are obtained by adopting from the outset the dilute model of inclusions in an unbounded matrix. The strong effect of low k is evident; it was discussed at length for the asymptotic regime by Dagan and Lessoff [2001] and is expanded here in part 2 [Fiori and Dagan, 2003] . The macrodispersion coefficient is given by a ij = (1/2U) dX ij /dt.
[51] For large travel times, tU/A ) 1, the longitudinal a L = a 11 tends to a constant value (''Fickian regime''). While this limit results from the transient stage in the complete computation of the time-dependent X 11 in part 2 [Fiori and Dagan, 2003] it is easy to obtain a general expression by the heuristic argument of Eames and Bush [1999] . Indeed, for a trajectory that originates upstream of the inclusion and crosses it (Figure 3b) , the residual X d does not depend anymore on time but only on b 2 0 = b 2 À " x 2 , the transverse distance of the particle initial position relative to the inclusion centroid. This can be easily understood by using the variable t(b 2 0 ) = R dX 1 /[V 1 (X)], which is defined as the time required for the particle to cross the inclusion (Figure 3b ). Then X d1 = 2'(b 2 0 ) À Ut, where ' = (A e 2 À b 2 02 ) 1/2
. Conversely, the plume is no more distorted but just translates downstream at velocity U for t > t max . This effect is shown in clearly in Figure 4 . Therefore for a sufficiently large travel distance Ut, X ij (14) results from the summation of the contributions of particles that were swept by the plume, leading to the asymptotic result to unity, and for low conductivity k ! 0. This was carried out for dilute systems and elliptical inclusions. We generalize the results here for composite circular inclusions such that the previous results are a particular case for n ! 0.
[54] Starting with the weak heterogeneity approximation, we expand the velocity at first-order in the small parameter e = Y À Y 0 = ln k and in e 2 of the macrodispersivity, being reminded that s Y 2 = e 2 n(1 À n). This is the first-order approximation investigated by Rubin [1995] in a general case.
[55] As demonstrated by Dagan and Lessoff [2001] and it is well known for continuous systems, for e ! 0, the trajectory kinematical equation simplifies to X d (t; b) = R t 0 u(b + Ut 0 )dt 0 , i.e., the integration of the velocity is carried out along the mean streamline rather than the fluctuating one. Integration along streamlines parallel to the mean flow 
